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The Bernoulli numbers B, are defined by the power-series expansion 
(1) 
The Von Staudt-Clausen theorem asserts that 
B,-- \‘ L (mod Z) 
(l,-l)lZn P 
and hence completely determines the fractional part of B,. Let p be a prime 
and define 
L,(x) = \‘- XPk 
I, x*’ P’ 
,-x+;+,,+%+... 
r-0 P 
The integrality theorem, e’@’ - 1 E Z,[ 1.~ ] 1, proved in [2 J and subsequently 
in 131, enables us to interpret L,(x) as the localization of L(X) = log( 1 + X) 
at the prime p. This motivates us to replace in 1 above, (eX - 1) which is the 
functional inverse of L(X), by the functional inverse of L,(x). The purpose of 
this paper is to write down a power-series expansion for the function 
X/L;‘(X) and determine the congruences mod p satisfied by the numerators 
of its coeffkients. The main result in this direction is Theorem 3.9 which 
states that 
X % a,x 
rl(l’-II 7 
L,‘(x)=\ 
n-u P 
I -n,ln(P- I)1 
where a,, E Z and @D”‘(~~ “I is the p-primary component of (HO, - l)}! and 
that 
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u, = 1 (mod p) if l<n<p 
s-1 (modp) if n=p+l 
3 (1 - n) (mod p) if p+2<n<2p 
puplncP- 1)) 
- {n(p- I)}! (mod p, 
if n>2p 
The paper is divided into three sections. In Section I we list the basic 
number theoretical preliminaries about Bernoulli numbers and refer the 
reader to [4, Chapter 1 ] for proofs. Section II covers the arithmetic on 
power-series needed in the sequel. In Section III we prove the main 
Theorem 3.9. 
I. BERNOULLI NUMBERS 
DEFINITION 1.1. For natural numbers q, j we define A,.i as the coef- 
ficients in the expansion, 
,yq = \’ A 
,yo Y.i 
The following immediately follow from the definition: 
6) A,,i E .T 
(ii) A 9,i = 0 for j > q and, 
(iii) A,,, = q! 
LEMMA 1.2. A,,, = (-Uk CL (-l)“(~)m”. 
Proof: This is 14, Formula 1.911. 
An alternative definition of A,,, is furnished by the following 
LEMMA 1.3. (er ~ 1)” = Cqak (A,,,/q!) x9. 
Proof 
iL(“ - l)k =dY \“> 
d<x” 
( - (-1)” nr ( ,“, j Pj 
m 0 
= (-1)” 2 (-1)m ( 2 j m9e’n-’ 
m = 0 
$6 1)" / 
.t : 0 
= (-l)k i (-1)'" (i j m" 
m = 0 
=A,.k by Lemma 1.2. 
334 1. DIBAG 
LEMMA 1.4. k! divides A,.,. 
Proof: This is [4, Section 1.5, Lemma I 1. 
LEMMA 1.5. 
A2k,i = -1 (mod(j + 1)) if j+ 1 isaprimeandji2k 
= 0 (mod(j + 1)) otherwise. 
Proof This is [ 4, Section 1.5, Lemma 2 1. 
2. ARITHMETIC ON POWER-SERIES 
2.1. Notation and Definitions 
Let n be a positive integer and S be a subring of the rationals 
containing 1. Let Z(x) be the submodule of S[ [xl 1 generated over S by 
(x0/a-1 (modn)); i.e., by {x, x’+~,x’~*~ ,..., xltkn ,... }. If k is a non 
negative integer, define Zk(x) to be the submodule of Z(x) generated by 
{x Itkn , x’*(~+‘)’ ,... }, i.e., Zk(x) = Z(x” kn ). We have a decreasing sequence: 
Z(x) I Z,(x) I . . 2 Z,(x) IX Zk+ ,(x) . . . and Z,(x) = {x’ ’ kn ) 0 I, , I(x), where 
ix ” ‘“} is the l-dimensional module over S generated by x’ tkn. 
LEMMA 2.2. (Z(X))“~” =Z,(x). 
Proof (Z(X)}“~” is generated over S by products of the form 
XhoXb,(l-n),~b~(l+2n) ... Xh,(l+sn) , where 6, + b, + ... + b, = 1 + kn, i.e., by 
= x 
I i n(k+h,+2b,+. trh,) 
k+b,t2b,+...tsb,>k and k+b,+2b,+...+sb,=k for the 
sequence, b, = 1 + kn and bi = 0 for j > 1. Hence by definition. 
x’tn(kiblt2h2t “‘isbJ E Zk(x) and thus {Z(x)}’ ’ kn s Z,(x). The reverse 
inclusion trivially follows. 
Let Z’(x) be the subset of Z(x) consisting of power-series whose coefficients 
of x are equal to 1. 
LEMMA 2.3. Zf y E I’(x) then y’ ’ kn = x’ ’ kn (mod I, + ,(x)). 
Proof: By Lemma 2.2, y ’ + kn E Zk(x) = (x’ “’ } @ Zk + ,(x). The coefficient 
of x It kn in the above decomposition for y It kn is equal to the (1 + kn)th- 
power of the coefficient of x in the expansion for y which is 1. Hence 
Y 
ltkn ,Xltkn 
(mod Ik+ I@)>. 
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COROLLARY 2.4. rfu E Z’(x) then Zk(x) = { y’ + kn } 0 I,, 1(x). 
Proof: By Lemma 2.3. y’+ kn = x’ tkn + z, where z E I,, ,(x). Hence 
Zk(X) = (x’ + kn }@z,+,(x)= {4’1+kn-Z}@zk+,(X)= ($+k”}@zk+,(x). 
COROLLARY 2.5. Zf ?’ E Z’(x) then Z(x) = Z(y). 
Proof: We prove by induction on k and by using Corollary 2.4 that 
Z(x) = {J’, J” +n,..., J” + kn } @ Zk+ ,(x) from which Corollary 2.5 follows by 
letting k + 00. 
DEFINITION 2.6. For a powerseries 4(x) define G-‘(X) to be its 
functional-inverse, i.e., 4 0 pP ‘(x) = 9 ~’ 0 $(x) = x. 
COROLLARY 2.7. Q-#(x)= xf(x”)f or some f(x) E S 1 [x 11, f(0) == 1 then 
4 ‘(x) = xg(x”) for some g(x) E SI [x] 1. g(0) = 1. 
ProoJ: Let ,V = d(x) = ,uf(x”) E Z’(x). Then 4 ’ (y) = x E Z(x) = I( ~1) by 
Corollary 2.5, i.e., 4. ‘(4’) E Z(JJ) and by definition of Z(J), there exists 
go,) E S[ 1~~1 I such that I$ ‘(y) = JJg(y”). It is easily seen that g(0) = 1. 
LEMMA 2.8. Let f(x) E S[ [xl 1, f(0) = 1 and g(x) = l/‘(x). Then g(x) E 
SI I.yl I. 
Proof: Let f(x) = 1 + C,“_, a,xm, g(x) = xFz0 b,x”. (1 +Cz=, amxm) 
(cF=0 b,x”) = f(x) g(x) = 1. Then 6, = 1. We prove by induction on n that 
b, E S. Let n > 1 and suppose b,, 6, ,..., b,-, E S. We equate the coefficient 
of x” in the above product to zero, i.e., b, + a, b,_, + azbn -z + . . + 
a .._,b,+a,=O. Thus b,=-a,b,_,-a,b,~,-..‘-a,~,b,-a,ES. 
Let n be an integer and p be a prime. Expand n = C:Y,a,p’, where 
O<ai<p-1 forO<i<k. 
Let n be an integer and p be a prime. Expand n = x: ,, a,~‘, where 
O<a,< p- 1 for O<i<k. 
DEFINITION 2.9. Define 
ql(n) = 
=a,+a,(p+l)+...+ak(pk ‘+...+p+l). 
Let or-d,,(n) denote the exponent of p in the prime factorization ofn. 
LEMMA 2.10. ord,(n!) = u,(n). 
ProoJ: This is [ 1, Lemma 3.1 I. 
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3. AN ANALOGUE OF THE VON STAUDT-CLAUSEN THEOREM 
3.1. Notation 
Let p be a prime. Z, denotes the subring of rationals whose denominators 
are prime to p. Z[ l/p] denotes the subring of rationals whose denominators 
are powers of p. Let E(x) = eX ~ 1 and L(x) = log(1 + x). E(x) and L(x) are 
functional inverses, i.e., E 0 L(x) = L 0 E(x) = x. 
LEMMA 3.2. There exists a power-series expansion, 
where 6, E Z[ l/p]. 
Proof By definition, 
Hence L,(x) = xf(x”- ‘), where 
f(x)= 1 + kjj, ixPh ‘+,.,+p+’ 
We deduce from Corollary 2.7 (with n = p - 1, S = Z[ l/p]) that L;‘(x) = 
xg(xp-‘) for some g(x) E Z[ l/p] [ [x] 1, g(0) = 1. Let h(x) = l/g(x). It follows 
from Lemma 2.8 that h(x) E ZI l/p]1 Ix]]. 
x 1 
L,lo=R(x”l)=h(X-P-‘)WV~ 
Thus 
X 
‘I 
- c y(P 
L,lo= nL(, If’ 
1) for c,EZ[l/p]. 
Putting c, = b,,/pnn’“(P ‘I1 yields the desired expansion. 
DEFINITION 3.3. Let q, j be positive integers. In analogy with the 
numbers A,, i of Section 1, we define B,.j by the expansion, 
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The following immediately follows from Definition 3.3: 
(i) Bq,j E Z[ ~/PI, 
(ii) B,,j = 0 for j > q and, 
(iii) B9,4 = PanCq). 
DEFINITION 3.4. If q is a positive integer and p be a prime, we define 
A y,p by the formula, A,,, = p”p’@/q!. 
The following immediately follows from Delinition 3.4: 
6) VA, p , is the highest factor of q! that is prime to p, 
(ii) A q,a = rl,,#, p’ n+‘. 
LEMMA 3.5. There exists a power-series expansion, 
where 
ProoJ The existence of the required power-series expansion follows from 
Lemma 3.2. Let y = Lj- ‘(x). 
p(P- 1) 
n(p-H,P” ’ 
P 
n,ln(p- ITi. 
Equating coefficients of PCPP I) in both sides yields 
b, = \’ LB 
I cp+ .-+pk ~I&,, Pk 
tl(/l- 1j.p” I. 
LEMMA 3.6. There exists a sequence c, E Z, (n > l), c, = 1 such that 
B 1’ 
(pk- I)! 
n(p--l).p”-I = - I 
ml]+. +m,=pk- 1 
t m,. ... m,. 
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ProoJ Let f = L;’ 0 L and expand f(x) = x7=, cixi, C, = 1. f ‘(x) = 
(L;’ o L)-‘(x) = L-’ o L,(x) = E o L,(x) = eLpcx) - I E Z,[[x]] by 12. 
Proposition 11. It follows from Corollary 2.7 (with n = 1 and S = Z,) 
that f(x) E Zp[ [xl]. Hence ci E Z,, i> 1. L,‘(x) = Lp’ 0 (L 0 E)(x) = 
(Lpi o ,!,) o E(x) = f(E(x)) = f(eX - 1) = x2, ci(e-’ - 1)‘. We raise both 
sides to the (pk - l)th-power, i.e., 
\‘ - 
(P”- 1Y cT’ 
rn,i~. tm,=pk-I m,! *.*m,y! 
... C~‘(ex-l)ml+2~~2+‘~‘+~~~,. 
Using Definition 3.3 and Lemma 1.3, we pick out the coefficient of Y’(“-” 
in both sides and equate them, i.e., 
B ncp- I),PA-l m, 
P 
n,ln(P- 111 = 
\‘ (P” - 1Y CT! . . . c 
\ - 
m,t . ..im.~pk- I m, ! ... m,! 
A 
X n(p~l),m,t2m~+"'tsm, 
i4P - l)l! 
and thus 
B 
(p” - l)! 
n(p-l),Pk- I = 
\’ 
I 
, cy ... cp 
- 
ml+...+m,yp”-I m,. ... m,. 
x AllCP- I,.PA n,p I).rnli ” +sm; 
PROPOSITION 3.7. There exists a power-series expansion, 
X 
a 
. bn 
L,Lo= \ papln(P-l)l 
Xn(P 1) 
n-0 
such that pb, = -dncp- lj,p (mod P). 
Proof. By Lemma 3.5, 
x 
.x 
bn 
L,‘(x)= z pa,ln(P-‘)l 
Xn(P- 1) 
n=O 
where 
b, = \‘ LB 
,ip+..ypt ‘OIPk 
ncp- l),pk- 1. 
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By Lemma 3.6, there exists a sequence c, E Z,, c, = I such that 
B \‘ 
(pk - l)! 
ncp- o,pk- I = - cT ..* c In,’ tin=+ I I I m,. .,. m,. 
XA n(P I).P A ncp- I).in,+. +sm, 
(p”- l)=m,+m,+ .-’ + m,, < m, + 2m, + ... + sm, and hence (p” ~ 1 )! I 
(m, + 2m, + ... +sm,N(m, + 2m2 + ... + smJl4,, I),nllt2m2. ...i,m by 
Lemma 1.4. Thus (p” ~ l)! 1 An,p- ,j,m,+2mz+... +$,,,,. If k > 1, pk 1 (pk i l)! 
and since hence pk j An~p~,,.m,+2m~ *___ +,,,,,. In Eq. (2) above, (P” - I)!/ 
(m,! ... m,!) E Z, c;lz ... c:‘E Z,. A,,,, ,),/, E Z,, A n(p~I).m,+2m2t...+rm, 
= 0 (mod p”) and hence ord,(B n,p..,,,pk~,) > k. Since by definition. 
B n,pP,,,Pi_, E Z[ l/p], it follows that BncpP ,).+ ~, E Z and that Bncpmm ,j.p~m , 
= 0 (mod p”) for k > 1. Hence (l/pk) B,(am ,,.+-, E Z for k > I and it thus 
follows from Eq. (1) that b, 3 (l/p) B,,,p _ ,,,pm, (mod Z). 
Let k = 1 in Eq. (2). Suppose mi > 1 for some i > 2. Then m, + 
2m, + .~~+sm,>(m,+mz+..~+m,)+(i-l)m;>(p-l)+l=p.l‘huspj 
p!I(m,+2m,+...+sm,,)!/A ncp ~,).rn,i 2m~t tsm; Hence the only term in 
Eq. (2) that is possibly not zero mod p is the one corresponding to the 
sequence. m, = p - 1 and mj = 0 for j > 2 and we thus deduce from Eq. (2) 
that B n,p-l),p~l = A n(Pp I),P A nCp~,,.p., (mod p). If p is an odd prime, 
A nCpm,,,p-, = -1 (mod p) by Lemma 1.5. If p = 2, AnCp ,,.pm, =A,,, = 
1 = -1 (mod 2). Hence in either case, Anfpm ,j,p. , = -1 (mod p). Thus 
B x -A ntpp I).P- I - ntp-l).p (mod P) and pb,, = Bncp Il.p-l = -A,,,,- Ij.p 
LEMMA 3.8. 
A ntp- ll.p = -1 O-nod P) if l<n<p, 
= 1 (mod p) if n=p+l, 
z(n- 1) (modp) is p+2<n<2p 
ProoJ We proceed by induction on n. For n = 1. 
(p - 1 )! = ~ 1 (mod p) by Wilson’s theorem. Thus A, ,,/, = - 1 
2 <n < p and assume that A,,m,,c,P,,., = -1 (mod p). 
(mod-.p). Let 
1 1 
A A 
((n- I)(p- l)+ l)((n- l)(p- 1)+2)... 
ncp- I1.P (n-l)(P~ I).P 
X ((n - l)(p - 1) + n ~ 2)(n - 1) 
x((n-l)p+l)((n-l)p+2)...((n-l)p+p-n) 
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-(-l)(p-~+2)(p-n+3)~~~(p-l)(-l)(p-n+1)1.2... 
x (P - n) (mod P> 
El.2 . ..(p-n)(p-n+l)...(p-l)(modp) 
-(p-l)! (modp) 
~-1 (modp) by Wilson’s theorem. 
Hence A ncp- I),p = -1 (mod P>, 
Let n= p+ 1. 
1 1 
= 
A A ((P- l)PS l)((P- 1)P+2)~~~(p2- 1) ~P-ll(P-l).iJ HP- I).P 
= (-1)l . 2 ... (p - 1) (mod p) 
= -(p - l)! (mod p) = 1 (mod p) 
by Wilson’s theorem. Hence A,, t ,~~p~,~,p E 1 (mod p). Let n = p + 2. 
1 
= A (Pt ?)(P-1l.P A 
(Pt ,)lp,, p . 1 . (PZ + w + 2) “’ 
X (p’ + p ~ 2) (mod p) 
-1.1.1.2 . ..(p-2)(modp) 
= s (mod p) = s (mod p) = 1 (mod p) 
by Wilson’s theorem. Hence A,p+z,cp ,j,p = 1 (mod p) = (P + 1) (mod PI. 
Let p + 3 < n < 2p and assume A,, ,),pmm ,,,p s (n ~ 2) (mod p). Put n = 
p + k for 3 < k < p. Then n = k (mod p) and 
1 1 
A 
((n- l)(p- 1)+ l)((n- IQ- 1)+2)... 
n(P I1.P A cn- I)(P- I).p 
x ((n - l)(p - 1) + k - 2)(n - 2) 
x ((n - 2)p + I)((n - 2)p + 2) ‘.. ((n - 2)P + P - k) 
F&+p-k+Z)(p-k+?)... 
x (p- l)(k-2). I .2... (p+k) (modp) 
~1 .2...(p-k)(p-k+2)...(p-l)(modp) 
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= Cd@; y!*, (mod p) = -(;I ,) (mod p) 
= & (mod P)= & (mod P)
by Wilson’s theorem. Thus dnCpp ,j,p z (n - 1) (mod p). 
THEOREM 3.9. There exists a power-series expansion, 
where a,, E Z satisfies the congruence, 
a, = 1 (mod p) if 1GnGr-h 
= -1 (mod p) if n=p+l, 
~(1 -n)(modp) if p+2<n<2p, 
_ P apln(P-111 
- {n(p- I)}! (modp) 
if n>2p. 
Proof: Put a, = pb, in Proposition 3.7. The case n > 2p follows directly 
from Proposition 3.7. The first three cases are a consequence of 
Proposition 3.7 and Lemma 3.8. 
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